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A new computational method is proposed for ab initio quantum-mechanical/molecular-mechanical (QM/MM) molecular
dynamics (MD) which is limited to time-independent thermodynamic analysis. The idea is to use the mass scaling method
combined with multiple-time-scale (MTS) algorithm and an approximate QM/MM Hamiltonian derived from the first-order
Rayleigh–Schrödinger perturbation theory (PT) in which the electronic polarization is neglected as a first approximation.
If the polarization effect is not so strong, the correction can also be considered after the simulation run using the weighted
sampling method. The advantage and disadvantage of the method is discussed in terms of its computational efficiency and
accuracy. As a simple example, we demonstrate an MD simulation of liquid water containing one quantum mechanical (QM)
molecule and 255 molecular mechanical (MM) molecules and discuss the advantages in calculating statistical averages such
as radial distribution and heat of solution.
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1. Introduction

There has recently been a growing demand for theoretical

methods that enable more realistic computer simulations

of chemical processes in liquids. One of the promising

approaches in this respect is a molecular dynamics (MD)

simulation within the ab initio quantum-mechanical/

molecular-mechanical (QM/MM) description of the

system, which consists of a chemically important

subsystem (solute) based on ab initio quantum mechanical

(QM) force field and a surrounding subsystem (solvent)

based on molecular mechanical (MM) force field [1–12].

However, the ab initio QM/MM calculation has a problem

in that it often spends much time in order to take sufficient

statistics so as to describe large structural fluctuation of

liquid matter. This is simply because the ab initio

electronic structure calculation of the QM subsystem must

be carried out every time step during the MD run. Thus,

it has been very hard work to obtain thermodynamic

averages using the ab initio QM/MM method. For

instance, several millions of time steps are needed to

quantitatively evaluate the radial distribution of a

molecule (QM) solvated in liquid water (MM) and it

will spend several weeks or months even if the QM/MM

calculation can be done within several seconds per step. To

obtain the free energy profiles for a chemical reaction

in aqueous solution, the situation is more serious. The

QM/MM method should be used in combination with

methods such as thermodynamic integration [13], or other

methods [14,15] which would be extremely time-

consuming unless some kind of approximation is made.

Therefore, it should be very important to consider how

the computation can be reduced in the QM/MM method

with minimal loss of accuracy. This report suggests a

new way to carry out QM/MM calculations efficiently, if

we are only interested in time-independent thermodyn-

amic properties, such as the radial distribution, heat of

solution and free energy curve in a chemical reaction.

Thus, time-dependent properties are beyond our scope

here.
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In the QM/MM method, the calculation usually spends

much more time on the QM forces (the forces acting on

QM atoms) rather than on the MM forces (the forces

acting on MM atom or site), even when the QM subsystem

is much smaller than the MM subsystem. On the other

hand, the MD sampling as to the MM configurations is

required much more abundantly than the QM configur-

ations, since the configuration space is essentially

proportional to the degrees of freedom. Considering this

situation, it would be useful to employ multiple-time-scale

(MTS) MD [16,17], in which different time scales (step

sizes) can be used for the QM and MM forces. The

sampling by MTS algorithm will become more powerful

when the MM molecules move relatively faster than the

QM molecules.

Here, it is important to point out that, as long as the

time-independent thermodynamics is concerned, we can

control the relative speed of QM and MM molecules by

changing their masses. In other words, the MM molecules

can be made faster in the simulation than in the reality, by

scaling the atomic masses of the MM molecules to be

artificially smaller than the real ones. Of course, the

dynamical aspect of the trajectory is completely destroyed

with the mass scaling. However, the finite-temperature

configurations would be generated properly along the

trajectory (in the same sense as in the Monte-Carlo

method). The thermal distribution of configurations has

nothing to do with the mass, in principle, because the

statistical averages of classical canonical ensemble do not

depend on the atomic masses.

The idea to apply the MTS algorithm and mass scaling

to the QM/MM calculation has been first suggested

by Woo et al. [18]. Let us briefly explain this nice idea,

which is also employed in this paper. The MTS algorithm

consists of a double MD cycle to treat with fast MM

molecules and the slow QM molecules. One is an outer

cycle which updates the QM force by a long time step and

the other is an inner cycle which updates the MM–MM

and the QM–MM interaction forces by a short time step.

The algorithm will become more efficient than the usual

single-time-step algorithm if the inner cycle, especially

the QM–MM interaction, can be computed very quickly.

Thus, whether the algorithm works successfully or not

depends on the type of theoretical model used for the

QM–MM coupling.

Woo et al. [18] has employed this method in Car–

Parrinello based QM/MM calculation for gaseous

hydrocarbon molecules by the link atom approach where

the QM–MM electrostatic (ES) forces were totally

neglected. Therefore, the aim of this paper is to explicitly

take account of the QM–MM ES coupling within this

scheme, which should be important in wide range of

condensed matter such as aqueous solutions. Moreover,

both the ab initio part (QM and QM–MM interactions) is

systematically calculated based on conventional quantum

chemical method with a localized Gaussian basis set.

Now, in order to take advantage of the MTS algorithm

in QM/MM calculations, we have the following

conditions: (a) the forces should be divided properly

into contributions from the QM force, the MM force and

the QM–MM interaction force and (b) the QM–MM

interaction force should be computed much faster than the

QM force. Let us consider if these conditions are met

when the QM–MM ES coupling is included. Convention-

ally, there are two types of theoretical model in the QM–

MM ES interaction. The first type is the electrostatic

embedding (EE) model (hereafter, “QM/MM-EE”) which

employs the ab initio determination of QM–MM ES

interaction by one-electron Coulomb integrals. In this

model, the MM charges induce the QM electronic

polarization and the polarization, in turn, has an influence

on the MM forces reflecting the ES interaction between

polarized QM electrons and MM charges. The QM–MM

interaction can not be extracted simply from the ab initio

calculation without solving the QM electronic wave

function by self-consistent-field (SCF) procedure in the

presence of MM atomic charges. As a result, a full ab initio

calculation must be done each instant of time to obtain

the QM–MM interaction and this QM/MM-EE model is

not suited for the MTS algorithm. The second type is

the mechanical embedding (ME) model (hereafter,

“QM/MM-ME”), in which the QM–MM interaction is

completely replaced by the MM force field (i.e. the MM*–

MM interaction, where the QM molecules are referred to

as the “MM*” molecules for convenience). In this model,

the computation of the MM force and the MM*–MM

interaction can usually be done much faster than the QM

force by ab initio calculation of isolated QM subsystem.

Therefore, as discussed in the next section, the MTS

algorithm usually works well in the QM/MM-ME model.

However, it is well known that the QM/MM-ME model

has a drawback in that the electric charges on QM atoms

must be given artificially. (Finding the QM charges might

be troublesome if they do not exist in literatures.) As

a particular case, the ME model may not be good for

chemical reactions since the QM charges are usually fixed

to constant values under bond breaking process.

For the reasons above, here we consider a new QM/MM

approach so that it is suitable to MTS simulation whereas

the QM–MM ES interactions given explicitly by ab initio

one-electron Coulomb integrals. As we show in the

next section, we refer to this scheme as “perturbative

embedding” (or “QM/MM-PE” method) since it is derived

from the conventional QM/MM Hamiltonian based on

first-order Rayleigh–Schrödinger perturbation theory

(PT). Physically, this approximation employs the ES

interaction between the MM point charges and the QM

electron density corresponding to that of the isolated QM

molecule at the instantaneous configuration. As the effect

of electronic polarization of the QM molecule induced by

the surrounding MM charges is considered only beyond

the second-order PT, such an effect is neglected within the

QM/MM-PE method. However, the method would help a

great deal to accelerate MD simulation for combined

QM/MM systems, because we do not have to compute

the two-electron integrals and the SCF every time step.
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In addition, the method has the good performance in

parallel computation by dividing the sum of QM–MM

interactions (one-electron Coulomb integrals).

In Section 2, the theoretical background of QM/MM-PE

method is introduced. In Section 3, we test the validity

of the approximation by comparing the results among

the QM/MM-PE, the conventional QM/MM and the full

QM calculations on a water dimer cluster. To assess

the computational efficiency of this method, an MD

simulation of liquid water, which is composed of one QM

water molecule dissolved in 255 MM water molecules, has

been carried out at the room temperature. The water dimer

and liquid water systems are studied in detail since they

have been used frequently as a validation test of the

QM/MM methods [19–24] In addition to the QM/MM-PE

MD results, we show a prescription to include the

electronic polarization effect using the weighted sampling

method. It is shown that the calculated radial distribution

functions, heat of solution and molecular dipole moment

are found in good agreement with experimental results.

These calculations are basically done by Hartree–Fock

approximation with 6-31G(d,p) basis set for the QM

molecule and a modified version of the flexible simple

point charge model [25] (SPC/F2) for the MM molecules.

2. Theory

2.1 The QM/MM-PE method

In the combined QM/MM description, the total Hamil-

tonian is given by [1–12]

Htotal ¼ TQM þ TMM þ ĤQMðr;RÞ þ VMMðR0Þ

þ Ĥ
es

QM–MMðr;R;R0Þ þ Vvdw
QM–MMðR;R0Þ; ð1Þ

where the first two terms are the kinetic energy of the QM

and MM molecules,

TQM ¼
XQM

I

P2
I

2MI

; TMM ¼
XMM

A

P02
A

2M0
A

; ð2Þ

and the last four terms are the potential energies of the QM

subsystem, the MM subsystem and the QM–MM ES

interaction, the QM – MM van der Waals (VDW)

interaction, respectively. The vectors R and P (R0 and

P0), respectively give the nuclear (atomic) coordinates and

momenta in the QM (MM) subsystem and r denotes the

electron coordinate. We use I and A as the indices of QM

and MM atoms, respectively. The MM potential VMM is

the sum of MM–MM inter-molecular contribution and

MM intra-molecular contribution.

In equation (1), the last four terms are related to the

adiabatic potential surface. In the conventional QM/MM-

EE method, we solve the Schrödinger equation,

ĤQM þ Ĥ
es

QM–MM

� �
jCl ¼ EjCl; ð3Þ

where E is the sum of potential energies for the QM

subsystem and the QM–MM ES interaction, E ¼ V ð0Þ
QMþ

Ves
QM–MM. Using the SCF procedure in ab initio method,

the electronic ground state C is solved in the presence

of electric field due to the MM atomic charges. In other

words, the electronic polarization effect is included in

E and C.

Thus, the total potential is given by

V total ¼ EðR;R0Þ þ VMMðR0Þ þ Vvdw
QM–MMðR;R0Þ; ð4Þ

Here, we emphasize that E is determined by solving C at

each instantaneous molecular configuration of the whole

system. As E depends not only on the QM configuration R

but also on the MM configuration R0, the SCF calculation

is necessary whenever the positions of MM atoms (as well

as QM atoms) are updated. In this situation, it should be

difficult to improve the computational efficiency of the

QM/MM MD even if we use the MTS algorithm.

To circumvent this problem, we apply the Rayleigh–

Schrödinger PT to equation (1), regarding the third and

fourth terms as the reference Hamiltonian and the fifth and

sixth terms as the perturbation. Within the first-order, we

have only to solve the zero-th order electronic ground state

Cð0Þ, which corresponds to that of isolated QM molecules

in the absence of MM molecules,

ĤQMjCð0Þl ¼ V ð0Þ
QMjCð0Þl: ð5Þ

Using Cð0Þ, we can calculate the first-order perturbation

term giving the QM–MM interaction

Vesð1Þ
QM–MM ¼ kCð0ÞjĤ

es

QM–MMjCð0Þl; ð6Þ

and then the total potential becomes

VPE
total ¼ V ð0Þ

QMðRÞ þ VMMðR
0Þ þ VQM–MMðR;R0Þ; ð7Þ

where

VQM–MMðR;R
0

Þ ¼ Vesð1Þ
QM–MMðR;R

0

Þ

þ Vvdw
QM–MMðR;R

0

Þ: ð8Þ

Now, the QM potential V ð0Þ
QMðRÞ, in the first term in

equation (7), only depends on the QM configuration R. In

other words, total potential is divided so that the QM

potential is separated from the parts that are depend on the

MM configuration R0, i.e the second and third terms in

equation (7). This character plays the key role in the MTS

algorithm, as shown below. We note in passing that the

total potential in the QM/MM-ME model is the same as

equation (7) except that the QM–MM ES interaction is

replaced by MM*–MM ES interaction and therefore the

QM/MM-ME model is also suitable to the MTS algorithm.

From now on, the superscripts such as “(0)” and “(1)” are

removed for simplicity.

Equation (6) corresponds to the QM–MM interaction

without polarization effect, assuming that the QM

electronic wave function is identical to that of the isolated

QM system. In other words, the effect of electronic
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polarization due to the MM charges is neglected in the

QM/MM-PE model. To consider the polarization effect,

we must include the higher-order corrections, which

would result in coupling between electronic excitations.

We will come back to this issue later.

Now, the QM – MM ES interaction term

Ves
QM–MMðR;R0Þ in equation (8) is given by

Ves
QM–MMðR;R0Þ ¼

XMM molecules

M

XAO

a

XAO

b

DabðRÞIab;M

("

�ðR;R0Þ

)
f cut R0ðcÞ

M 2 RðcÞ
��� ���� �#

; ð9Þ

where we have defined one-electron reduced density

matrix by DabðRÞ and the sum of one-electron Coulomb

integrals

Iab;MðR;R
0Þ ¼

XMM atoms

AM

Q0
AM

ð
drxaðr;RÞ

�
21

R0
AM

2 r
�� �� xbðr;RÞ: ð10Þ

Here, the indices a and b are used for the atomic orbitals

(AOs) x which is expressed in terms of Gaussian basis

functions centered at one of the QM nuclei R. In Hartree–

Fock theory, one-electron reduced density matrix is

defined by

DabðRÞ ¼
XMO

i

f occ
i CaiðRÞC

*
biðRÞ: ð11Þ

The indices i and j are used for the molecular orbitals

(MOs) f described as the linear combination of atomic

orbitals (LCAO) and Cai and f occ
i give the LCAO

coefficient and the MO occupation number, respectively.

In equation (10), R
0

AM
and Q0

AM
are the Cartesian

coordinate and electric charge of the A-th atom in M-th

MM molecule. In equation (9), the switching function

f cutðRÞ is used to cut off the Coulomb interaction smoothly

when the inter-molecular distance R, between the center of

mass coordinate for the M-th MM molecule R0ðcÞ
M and the

QM subsystem RðcÞ, is ranged between Rin and Rout [26].

Here, we have employed f cutðRÞ ¼ 1 for R , Rin,

f cutðRÞ ¼ ðR2 RoutÞ
2ð2Rþ Rout 2 3RinÞ=ðRout 2 RinÞ

3 for

Rin , R , Rout and f cutðRÞ ¼ 0 for R . Rout. The switch-

ing function is practically very useful for MD simulation,

as it smooths the potential energy surface. Although it

makes a small shift in the energy, the atomic forces can be

evaluated appropriately. With the switching function, the

total energy and total linear momentum of the system is

always conserved and the total angular momentum is also

conserved under free boundary condition. These con-

servation laws can be proved from the fact that the

potential energy V total is a single-valued differentiable

function and that V total is invariant under translation or

rotation of the total system (Noether’s theorem). The

derivatives of equation (9) with respect to RI and R0
A can

be derived analytically and they are used in the force

calculation with respect to QM–MM interaction. We note

that the derivatives for switching function can be easily

obtained in this way, because it does not include the

electron coordinate r. As another advantage of using the

switching function, computation time can be reduced

by neglecting small QM–MM interactions with respect

to the MM molecules that are far enough from the QM

subsystem.

The QM/MM method based on PT has some advantages

and disadvantages similar to the conventional QM/MM-

EE method. First, there is no need to assume the charge

parameters for QM atoms, which may change their

character when the QM subsystem undergoes an intra-

molecular rearrangement, especially if the bond break-

ing/forming processes are involved. Second, we need an

ad hoc determination of VDW parameters between QM

and MM atoms. However, this does not seem to be a

serious problem usually in practice, since the VDW

interaction is significant mainly at short distances and the

use of only one set of VDW parameters is often adequate

[12]. Third, the method is not appropriate whenever the

electronic polarization of QM subsystem is very strong.

This is not just because of the PT in which the isolated QM

molecule is employed as the reference. When the QM–

MM interaction is so strong and the electronic structure of

QM subsystem can be drastically changed by strong

polarization, the QM/MM Hamiltonian itself might be

problematic since the MM region next to the QM

subsystem can also become chemically active. Thus, we

could say that the validity of using the PT is partially

related to the QM/MM description itself.

In the QM/MM-PE method, we assume that the

electronic structure of QM subsystem is frozen to that

of the isolated molecule. In addition, we ignore the

polarization of MM charges in response to the environment

[27–31], since it will result in a more complicated

implementation and increased computational cost. There-

fore, in the language of inter-molecular forces, the ES

forces are taken into account in terms of interaction

between the electron distribution of isolate QM electron

and MM charges, as in VQM–MM. The induction forces

are totally neglected within the QM/MM-PE method. The

Pauli exchange repulsion and the dispersion forces are

modeled as a classical force field with ad hoc VDW

parameters.

It may be useful to point out that there are not just good

things to include polarization in the QM/MM method,

however. One of the disadvantages of QM/MM-EE method

is on the instability in the complete basis set limit. As an

extreme example, polarization can be overestimated if we

add some basis functions near the positively charged MM

atoms to which the electrons will be attracted. Apparently,

this is an unphysical artifact of in the QM/MM modeling,

because the Pauli exchange repulsion between the QM and

MM electrons are not considered explicitly. Thus, we must

always be careful in the choice of basis set (being not too

large!) when we use the QM/MM-EE method. In contrast,
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the QM/MM-PE as well as QM/MM-ME methods have a

good behavior in the complete basis set limit because the

ab initio calculation is done only for the isolated QM

subsystem.

2.2 The multiple-time-scale method

To make use of MTS method, the propagator (time

evolution operator) should be factorized into the

components that change slowly and rapidly. Here, we

consider the changes in the potential, equation (7), when

the QM coordinates R move slowly and the MM

coordinates R0 rapidly. As can be easily expected, the

QM potential VQMðRÞ shift more slowly than the MM

potential VMMðR0Þ and the QM – MM interaction

VQM–MMðR;R0Þ in this case. Therefore, we can employ a

larger step size Dt for the former and a smaller step size dt

for the latter. Applying the time-reversible reference

system propagator algorithm [16,17] (RESPA) to this

case, the propagator is approximated by

exp½iðLtotal þ LbathÞDt� < exp iLP
Dt

2

� �
expðiLBDtÞ

� exp iLP
Dt

2

� �
; ð12Þ

where

expðiLBDtÞ¼ exp iLbath

dt

2

� �
exp iLP;P0

dt

2

� �
expðiLRdtÞ

�

£expðiLR0dtÞexp iLP;P0

dt

2

� �
exp iLbath

dt

2

� ��Nref

:

ð13Þ

where the integer Nref is the ratio between the step

sizes, Nref ¼ Dt=dt. In equation (13), Ltotal is the Liouville

operator related to Hamiltonian of the total QM/MM

system, Htotal and Lbath is the Liouville operator for

the bath variables (thermostats). The Liouville operators

LR, LP, LR0 , LP;P0 are related to the terms TQM, VQM, TMM

and VMM þ VQM–MM, respectively.

The MTS algorithm for QM/MM-PE model is shown

schematically in figure 1. (The same algorithm in figure 1

can be also used in the QM/MM-ME model simply by

setting the QM–MM interaction identical to the MM–

MM interaction. In this case, the calculation of one-

electron integrals and the density matrix in steps (c) and

(j) are unnecessary.) The MD cycle consists of a double

MD cycle containing parts A, B and C as shown in the

figure. The outer and inner MD cycles are respectively

repeated NQM
step and Nref times, so the number of MD time

steps is Nstep ¼ NQM
step £ Nref in total. In the outer MD

cycle (parts A and C), the QM momenta P are updated

according to the gradients ›VQM=›R which are obtained

from an ordinary ab initio calculation of the isolated QM

system. In the inner MD cycle (part B), all the QM and

MM coordinates and momenta, ðR;P;R0;P0Þ, are updated

according to the gradients ›ðVMM þ VQM–MMÞ=›R and

›ðVMM þ VQM–MMÞ=›R0, respectively. We note that the

Nref ¼ 1 case is exactly the same with the conventional

velocity Verlet method except that the density matrix

extrapolation is used (see below). The Nosé–Hoover

thermostats can also be updated in the inner MD cycle in

the appropriate manner [16,17].

In the QM/MM-PE model, the algorithm becomes

slightly complicated because it is necessary to compute

the density matrix D in equation (11) and the derivatives

›D=›R to obtain the QM–MM interaction VQM–MM

and the gradients ›VQM–MM=›R and ›VQM–MM=›R
0

.

Although they should be evaluated every dt in the inner

MD cycle where the QM coordinates R are updated, it is

clearly inconvenient to solve the SCF and coupled-

perturbed Hartree–Fock (CPHF) equations to obtain them

every dt. So, as a practical way, in the outer MD cycle

the SCF and CPHF equations are solved to obtain D

accurately by the interval of Dt, while in the inner MD

cycle we make a short-cut by the extrapolation of D and

›D=›R using the fifth-order Gear predictor–corrector

algorithm. The implementation is shown in detail in the

next section. It is shown that this method works reasonably

well as to the energy conservation (although the time

reversibility is very slightly destroyed).

At this stage, the parameter Nref can be chosen

arbitrarily as long as the step sizes Dt and dt are chosen

appropriately. Now, as mentioned in Section 1, we

introduce the scaling factor l with respect to the masses of

MM atoms, lM0, to make the MD sampling more efficient.

When the parameter l is chosen to be smaller than 1, the

motion of MM atoms will be faster than the reality. In this

case, we should select a smaller dt (larger Nref) so as to

follow the fast motion. As a guide, it may be reasonable to

choose l < 1=N2
ref considering an application to simple

harmonic oscillator; A reasonable choice is to take the step

size dt ¼ Dt=Nref so that the ratio between dt and the

oscillation period t does not change with l, using the fact

that t is proportional to the square root of the mass,
ffiffiffiffiffiffiffiffi
lM0

p
.

Of course, the best choice of the parameters l and Nref

generally depends on the system of interest. For example,

when we consider a small and stiff molecule in liquid, Nref

could be taken to be very large, because the sampling on

the solvation structures would be much more important

than the intra-molecular deformation within the solute.

The choice will also depend on the ratio of computational

costs in the inner and outer MD cycles. However, the MTS

algorithm is theoretically exact in that the parameters l

and Nref does not have influence on the thermodynamic

averages as long as the sampling is sufficient.

As can be seen in figure 1, part B is calculated every

step, while parts A and C are calculated once in Nref steps.

Thus, the calculation time per unit step is given by the sum

ttotal ¼ tA=Nref þ tB þ tC=Nref where tA, tB and tC are the

calculation time of parts A, B and C, respectively. Here,

most of the time-consuming calculations are concentrated

in the outer MD cycle, particularly in part C. This part

involves the calculation of two-electron integrals and the

solution of SCF for the QM subsystem, as in the ordinary
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ab initio method. In addition, the CPHF equation is solved

to obtain the derivatives of the density matrix D (or

equivalently, the derivatives of the LCAO coefficients C).

So, part C requires the computation about tA / Nx
basis

where Nbasis is the number of basis functions employed

and x < 4 in Hartree–Fock theory. The rest of the time-

consuming calculation is in part B, especially the QM–

MM interaction and MM–MM interaction. Usually, the

former one is more expensive since it involves the

summation of one-electron Coulomb integrals in equation

(9). Then, part B requires the computation about tB /

NMMN2
basis where NMM is the number of MM molecules.

However, part B can be computed efficiently using parallel

algorithm, because the summation can be divided into the

contributions from each MM molecules and they can be

calculated individually on different processors. As the

number of MM molecules are usually larger than the

number of processors Nprocs, the computation of part B

will become tB / NMMN2
basis=Nprocs in the ideal situation.

The cost on part A is negligibly small compared with other

parts.

From the above discussion, the total time is

approximately

ttotal / max Nx
basis=Nref ;NMMN2

basis=Nprocs

	 

ð14Þ

in the QM/MM-PE combined with MTS algorithm. This

relation implies that by employing a large Nref value, this

Figure 1. A MTS algorithm for QM/MM-PE MD.
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method would be more useful as Nbasis becomes large, i.e.

as the size of QM subsystem becomes large.

3. Results and discussion

3.1 Water dimer

As a rough check on the accuracy of QM/MM-PE

approximation, the results for the equilibrium (geometry

optimized) structure of water dimer are shown in table 1.

Here, the binding energy V and the interatomic distances

R(O· · ·O), R(O· · ·H*) and R(OZH*) (where H* is the H

atom mediating the hydrogen bond), are listed with

respect to the QM/MM-PE, conventional QM/MM-EE,

QM/MM-ME, full QM and full MM methods. We also

show the results in the QM/MM-EE method with charge

scaling where all the MM charges are multiplied by 0.84

in order to correct the overestimation of QM–MM

interaction [23]. The abbreviation “a” and “d” indicate

which of the QM and MM water molecules is hydrogen

acceptor(a) or hydrogen donor(d). We can see that the

results of QM/MM-PE method are in reasonable

agreement with those of other methods. The difference

between the QM/MM-PE method and the conventional

QM/MM-EE method is due to the polarization effect. For

instance, the QM/MM-PE gives the binding energy

smaller by about 7–10% and the O· · ·O distance slightly

larger compared with the conventional QM/MM-EE. Both

the QM/MM and full MM methods tend to slightly

underestimate O· · ·O distance compared with full QM

results within Hartree–Fock or the second-order Møller–

Plesset PT (MP2).

3.2 Liquid water: the MD method

MD simulation of liquid water has been carried out based

on the QM/MM-PE method. The system contained one

QM molecule (HF/6-31G(d,p)) and 255 MM molecules

(SPC/F2) in a cubic box with the side length 19.7 Å, which

corresponds to molar density of 1 g/cm3 and the periodic

boundary condition is applied. The temperature is

controlled to 300 K using the massive Nosé–Hoover

chain (MNHC) thermostat technique which generates the

canonical ensemble for ergodic systems. The thermostats

are attached respectively to the QM system and the MM

system. According to the minimum image convention, the

QM–MM interaction and short-range Lennard–Jones

interactions were smoothly cut off between 8.3 and 9.8 Å

applying the switching function method. For the MM–

MM molecular pairs, the long-range ES interaction was

treated by Ewald method. The QM/MM MD simulation

was performed in two ways by the single- and MTS

methods, Nref ¼ 1 and Nref ¼ 100. After the system has

been equilibrated, the former run (run #1) has been done

for Nstep ¼ NQM
step ¼ 40; 000 steps with the step size

Dt ¼ dt ¼ 0:1 fs, while the latter run (run #2) for Nstep ¼

4; 000; 000 steps (NQM
step ¼ 40; 000 steps) with Dt ¼ 0:1 fs

and dt ¼ 0:001 fs where the MM masses lM0 were scaled

by l ¼ 1=10; 000. In the test calculations, we also

performed QM/MM MD simulations with Nref ¼ 10

(Dt ¼ 0:1 fs and dt ¼ 0:01 fsusing mass scaling

l ¼ 1=100).

3.3 Liquid water: test calculations

Before starting the QM/MM simulation, the MTS

algorithm has been checked by the “MM/MM” (full

MM) simulation. This simulation are done exactly in the

same way as run #2, except that the QM molecule is

replaced by an MM molecule labeled as MM*. Figure 2

shows the oxygen–oxygen radial distribution between

MM–MM and MM*–MM molecules. We can see that the

agreement of these two distributions is very good. A tiny

statistical error in MM*–MM distribution is found simply

because there is only one MM* molecule in the system.

Although it is not shown explicitly in the figure, the

conventional MD simulation (for 256 MM molecules with

usual single-time-scale velocity Verlet algorithm) gave

the same distribution almost without error. This result

guarantees the fact that the MTS algorithm with mass

scaling generates the correct canonical ensemble of

ergodic systems.

Next, we must confirm that the QM/MM MD

simulation is running correctly when the MTS algorithm

is used. So, we check the numerical accuracy in terms of

the energy conservation. In the present case, the QM–MM

ES interaction Ves
QM–MM in equation (9) and its MM

Table 1. Binding energy and interatomic distances of water dimer.

Method QM/MM DV (kcal/mol) R (OZO) (Å) R(O . . .H*) (Å) R (OZH*) (Å)

QM/MM-PE a/d 6.7 2.74 1.78 0.96
d/a 6.9 2.76 1.74 1.02

QM/MM-ME a/d 6.2 2.77 1.81 0.96
d/a 6.7 2.74 1.72 1.02

QM/MM-EE a/d 7.5 2.70 1.74 0.96
d/a 7.4 2.73 1.71 1.02

QM/MM-EE (0.84)† a/d 5.9 2.75 1.79 0.95
d/a 5.9 2.78 1.76 1.02

QM/QM (HF/6-31G(d,p)) 5.5 2.98 2.04 0.95
QM/QM (MP2/6-31G(d,p)) 7.0 2.91 1.97 0.97
MM/MM 7.0 2.73 1.71 1.02

† The electric charge is scaled by 0.84 only for QM–MM interaction. See Ref. [23].
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gradient ›Ves
QM–MM=›R

0

include the density matrix D in

equation (11). The gradient ›Ves
QM–MM=›R includes the

density matrix gradient D0 ; ›D=›R as well as the density

matrix D. Thus, all the matrix elements of D and D0 have

to be extrapolated in the inner MD cycle and therefore the

accuracy may depend on the extrapolation method, as

introduced in figure 1. Note that the main contribution to

QM–MM interaction energy (forces) is from the Ves
QM–MM

itself, not the shift in D (D and D0) values. However, this

slight shift may have subtle effect on the numerical

accuracy, since time reversibility is slightly destroyed.

In order to estimate the error, we have tested several

treatments on the evaluation of D and D0. The first

approximation (case A) is to assume that D and D0 are

constant values within the inner MD cycle, i.e. they are

kept to the latest values updated at the outer MD cycle.

This is a reasonable choice because we can anticipate that

the density matrix D ¼ DðRÞ will not vary so much during

the time of Dt as long as the QM atoms move slowly and

the displacements in R are very small during Dt. For

further correction, we have considered the second

approximation (case B) in which the differential equation

_DðtÞ ¼
›D

›R
· _RðtÞ ð15Þ

is solved by Gear predictor–corrector algorithm. Using

the coefficients D(0), _Dð0Þ, . . . obtained every Dt step, the

extrapolated density matrix, DpðtÞ, is calculated by the

fifth-order Taylor expansion at the previous step [32],

DpðtÞ ¼ Dð0Þ þ _Dð0Þt þ €Dð0Þ
t 2

2
þ · · ·

for 0 , t , Dt:

ð16Þ

The third approximation (case C) uses a similar

extrapolation method for both Dp and D0
p. In this case,

however, it is not simple to solve the differential equation

for D0,

_D0ðtÞ ¼ XðtÞ; ð17Þ

because the second derivatives of D is included in XðtÞ.

Therefore, we have used an approximation derived from

the Gear method

XðtÞ ¼ _D0
pðtÞ þ

D0ðtÞ2 D0
pðtÞ

a0Dt
ð18Þ

where a0 ¼ 95=288 is the zero-order coefficient of the

fifth-order Gear predictor–corrector method and D0
pðtÞ and

_D0
pðtÞ are the predictor values obtained from the Taylor

expansion similar to equation (16).

In figure 3, the energy E of the extended system (the

QM/MM system þ MNHC thermostats) is plotted for

cases A, B and C in the QM/MM MD simulation of liquid

water. We can see that case C is much improved from

cases A and B both on the drift and noise errors. Figure 3

also shows the same plot for a single-time-scale velocity

Verlet QM/MM MD simulation which does not use the

extrapolation. The small noise error remained in case C is

almost the same with that in the conventional velocity

Verlet method. The amplitude of the noise error, which is

less than 1024 a.u., does not depend on the parameter Nref

in the MTS algorithm with the mass scaling under the

conditions dt ¼ Dt=Nref and l ¼ 1=N2
ref .

We have seen that the extrapolation method (case C) is

successful for the QM/MM-PE scheme. However, we can

expect that any type of extrapolation method will not work

well when the QM/MM-EE scheme, which treats the

polarization effect, is used in the MTS MD algorithm. In

the QM/MM-EE scheme, the density matrix D will depend

the MM charge distribution given by the MM configur-

ation, D ¼ DðR;R0Þ. This means that the values of D and

D0 will change as the MM molecules move. Especially

when the MM molecules move rapidly by mass scaling,

the extrapolation for D and D0 would be difficult as the

number of inner MD cycle Nref is increased. On the other

hand, the extrapolation itself is unnecessary for the

QM/MM-ME scheme, because the QM–MM interaction

does not depend on the density matrix D.
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Figure 2. Oxygen–oxygen radial distributions of liquid water by a MTS
“MM/MM” MD simulation with mass scaling (Nref ¼ 100,
l ¼ 1=10; 000) The statistical average is taken for Nstep ¼ 4; 000; 000
(NMM*

step ¼ 40; 000). The solid and dashed lines are the distribution
between MM–MM and MM–MM* pairs, respectively. The dotted line is
from the X-ray diffraction experiment [34].
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Figure 3. The total energies E in the QM/MM MD simulations as a
function of time steps of outer MD cycle ðNQM

stepÞ. Several cases in
extrapolation methods (cases A and B with Nref ¼ 10 and case C with
Nref ¼ 1; 10; 100) are compared with the velocity Verlet method.
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3.4 Liquid water: MD simulation

Now, we move on to the QM/MM MD simulation runs,

#1 and #2. First, the instantaneous temperature T inst and the

total potential V total are shown in figure 4. We can see that

T inst is controlled appropriately to the temperature

T ¼ 300 K. At this temperature, the potentialV total fluctuates

by the magnitude of about 0.1 a.u. Comparing figures 3

and 4, we note that the error in the energy conservation is

much smaller than the potential fluctuation. The average

and the extent of fluctuation is the same between the two

simulation runs. However, run #2 moves much faster and it

covers larger configuration space for MM molecules.

Figure 5(a)–(c), respectively show the oxygen–hydro-

gen, hydrogen–hydrogen and oxygen–oxygen radial

distributions obtained from the QM/MM MD simulation

using the MTS algorithm, run #2. We can see that the QM–

MM interatomic distributions are in reasonable agreement

with neutron and X-ray diffraction experiments [33,34].

Somewhat surprisingly, the QM–MM distributions are

very similar to the MM–MM counterpart for oxygen pair

and hydrogen pair, even though the QM and MM molecules

are modeled quite differently. However, the distributions

between O(QM)ZH(MM) and between O(MM)ZH(QM)

slightly differs from each other and also slightly differs

from that of O(MM)ZH(MM). Compared with the

O(MM)ZH(MM) distribution, the O(QM)ZH(MM) dis-

tribution has the first peak a little higher and the second

peak with a similar height, while the O(MM)ZH(QM)

distribution has the first peak a little lower and the second

peak a little higher. These results can also be compared
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Figure 4. (a) Instantaneous temperature T inst and (b) total potential
V total in the QM/MM MD simulations of liquid water as a function of time
steps of outer MD cycle ðNQM

stepÞ. The thick and thin lines give the results of
single-time scale simulation (Nref ¼ 1, run #1) and the MTS simulation
(Nref ¼ 100, run #2), respectively.
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Figure 5. Radial distributions of liquid water obtained from QM/MM
MD simulation using MTS method (run #2). The result of (a) hydrogen–
hydrogen, (b) oxygen–hydrogen and (c) oxygen–oxygen distributions.
The solid line, dotted-dashed line and dashed line are the distribution for
QM–MM, MM–QM and MM–MM pairs, respectively. The dotted lines
in (a) and (b) are from the neutron diffraction experiment [33] and the
dotted line in (c) is from the X-ray diffraction experiment [34].

Table 2. Peak positions and intensities in radial distributions of liquid
water†.

G(ROO) G(ROH) G(RHH)

Peaks 1st 2nd 1st 2nd 1st 2nd

QM/MM-PE 2.8 4.5 1.8‡ 3.2‡ 2.3 3.8
3.1 1.1 1.4‡ 1.5‡ 1.4 1.1

Full MM (SPC/F2) 2.7 4.5 1.7 3.2 2.4 3.9
3.1 1.1 1.6 1.5 1.4 1.1

Full QM (DFT){ 2.7 4.4
3.5 1.5

Experiment§ 2.7 4.5 1.8 3.2 2.3 3.8
2.8 1.1 1.1 1.5 1.3 1.1

† Top values are the peak position in (Å), the bottom values are the intensity.
‡ Average values between the O(QM)ZH(MM) and H(QM)ZO(MM) radial
distributions.
{Ab initio DFT calculation within BLYP/TZV2P level at 292 K (Ref. [40]).
§ Experimental values from Refs. [33,34].
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with recent ab initio calculations based on density

functional theory (DFT) [35–40], but the DFT results are

somewhat dependent on the exchange-correlation func-

tional, especially on the peak intensities [39,40]. A

comparison of the peak positions and intensities of radial

distributions are summarized in table 2.

Owing to the efficiency of MTS algorithm, the

distribution profiles for MM*–MM pair in figure 2 and

QM–MM pair in figure 5 are found reasonably accurate.

To see this more clearly, a QM/MM simulation has been

undertaken with the single-time-scale algorithm (run #1).

Figure 6 shows the oxygen–oxygen radial distribution

obtained from this simulation after the same step length,

NQM
step ¼ 40; 000. As for QM–MM pair, the peak positions

and peak intensities remain unclear compared with

figure 5(c). This is apparently due to the shortage of

configuration sampling in the single-time-scale algorithm.

We can compare the radial distributions in figure 5

with conventional QM/MM-EE simulations by Tu and

Laaksonen [22,23] and Xenides et al. [24] However, their

data might be only qualitatively correct especially as to the

peak intensities, because the statistical error is inevitable

within a short simulation run at least in our experience.

However, we think that the result would not change

drastically since the QM/MM-PE results are already in

good agreement with experiment, at least for the radial

distributions.

Figure 7 shows the QM intra-molecular bond length

distribution obtained from MTS QM/MM MD simulation

(run #2). It is interesting that the calculated average bond

lengths in the liquid phase water, ROH ¼ 0.954 Å and

RHH ¼ 1.524 Å, are slightly longer than the equilibrium

bond length of the gas phase water, ROH ¼ 0.943 Å and

RHH ¼ 1.506 Å. This figure shows that the statistics in

this simulation is also sufficient as to the QM intra-

molecular degrees of freedom by NQM
step ¼ 40; 000 steps

(Nstep ¼ 4; 000; 000 steps).

In table 3, we list the calculation time in the MD

simulation of liquid water. The total time is composed of

the parts spent on the calculation of QM, MM and QM–

MM potential/forces and others (update of coordinates,

etc). For parallel computation, the communications among

processors are also necessary to share the information of

atomic coordinates, forces and potentials. In the case of the

single-time-step method ðNref ¼ 1Þ, the calculation time of

QM/MM-PE is about the same as that of the conventional

QM/MM-EE method. In the Nref ¼ 1 case, the main

difference between the QM/MM-EE and QM/MM-PE is

whether the SCF calculation is done including the MM

charges or not, but this seems to have little influence on the

calculation time in the present system. Here, most of the

time is spent on the potential/force calculations, particu-

larly the QM and QM–MM parts. First, using the MTS

algorithm, the calculation of the QM part is greatly

reduced. Compared with the Nref ¼ 1 case, the calculation

time for the QM part is damped to 1% in the Nref ¼ 100

case, because this part is calculated only once in 100 steps.

Now, the total time is reduced to less than 1/3. Second, by

parallel computation, the calculation of the QM–MM part

is greatly reduced. As the parallel efficiency is almost

100%, the calculation time is reduced to about 1/16 using

16 processors. However, as the number of processorsNprocs

increases, the total time tends to depend on the time of

communication. As a result, the total time in the Nprocs ¼

16 case is 0.088 s/step. This is about 22 times faster than the

conventional QM/MM code using single-time-step

algorithm.

3.5 Liquid water: weighted sampling

So far, we have neglected the electronic polarization of

QM molecule within the QM/MM-PE method. Now, it

would be useful discuss how the method can be improved

for the polarization effect. For example, it is well known

the dipole moment of water is larger in liquid phase than

in the gas phase. This is mainly due to the shift in
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Figure 7. Intramolecular OZH and HZH bond length distributions of
the QM molecule, obtained from the QM/MM MD simulation of liquid
water (run #2). The dotted lines are the equilibrium bond length of
isolated QM water molecule.
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Figure 6. Oxygen–oxygen radial distributions of liquid water obtained
from QM/MM MD simulation using single-time-scale method (run #1).
The solid and dashed lines are the distribution between QM–MM and
MM–MM pairs, respectively. The dotted line is from the X-ray
diffraction experiment [34].
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the electronic structure induced by the solvation structure

rather than the geometrical change of the QM molecule

itself. (This can be also seen in figure 7 that the difference

of the average intra-molecular bond length and bond angle

is not so large between vapor and liquid water.) There are

several ways to include the polarization effect. The first

way is to apply the second-order PT, which has been

introduced in Section 2. However, implementation of the

method will become more complicated, because the matrix

elements between electronic excitations (virtual molecular

orbitals within the QM isolated subsystem) are necessary.

The second way, which may be more convenient, is to

first run the QM/MM-PE MD simulation and then do

the average calculation by more accurate method (by

QM/MM-EE or ab initio calculations of clusters including

solvent) on the selected configurations randomly sampled

from the MD trajectory. As a modification of the latter

approach, the third way, which we recommend here, is to

use the weighting sampling technique. This is based on a

rigorous thermodynamic relation with respect to the

canonical ensemble average of quantity A,

kAl ;
Ð

dGAðGÞ expð2bVðGÞÞÐ
dG expð2bVðGÞÞ

¼
kA expð2bðV 2 V0ÞÞl0
kexpð2bðV 2 V0ÞÞl0

ð19Þ

where G ¼ ðR;R0Þ is the configuration space. Here, we set

V and V0 to be the potential in QM/MM-PE and the

potential in improved accuracy, respectively. The numer-

ator and the denominator in equation (19) are calculated by

the average

kBl0 ¼

Ð
dGBðGÞ expð2bV0ðGÞÞÐ

dG expð2bV0ðGÞÞ
ð20Þ

using the MD trajectory within QM/MM-PE approximation.

In other words, after A, Vand V0 are calculated at molecular

configurations sampled randomly from the MD trajectory,

kAl is calculated as the ratio between the average of

expð2bðV 2 V0ÞÞ and the average of A expð2bðV 2 V0ÞÞ.

This method would work if the potential surfaces VðGÞ

and V0ðGÞ are close to each other. The Boltzmann

distribution on the VðGÞ surface must have large overlap

with that on the V0ðGÞ surface since the sampling is done

based on the latter distribution as in equation (20).

In order to calculate the molecular dipole moment in

liquid water by the weighted sampling method, we set V

and A ¼ m to be the potential energy and dipole moment,

respectively of the QM/MM-EE model based on the MP2

PT and Sadlej-pVTZ basis set (MP2/Sadlej-pVTZ)[41],

while V0 is the potential energy used in the MD simulation

(QM/MM-PE model based on HF/6-31G(d,p)). Note that

the electron correlation and basis set should be selected

properly to obtain accurate dipole moment. If fact, the

calculated dipole moment of an isolated water molecule

(in geometry optimized structure) is 2.11 Debye for

HF/6-31G(d,p) and 1.88 Debye for MP2/Sadlej-pVTZ,

whereas the experimental dipole moment of an isolated

water molecule is 1.855 Debye [42]. In figure 8, the

accumulative average kml of QM water molecule in liquid

phase (the average molecular dipole moment of liquid

water at 300 K) is plotted based on the weighted sampling

method as a function of randomly sampled configurations

from the QM/MM-PE MD simulation. The kml value is

converged to 2.67 Debye. This is very good agreement with

the result 2.64 ^ 0.13 by Tu and Laaksonen [23] which

Table 3. Calculation time per MD step in seconds‡.

Nref ¼ 1
Nref ¼ 100

Number of CPUs{ 1 1 2 4 8 16

QM/MM-PE
QM potential and force 1.297 0.013 0.013 0.013 0.013 0.013
MM potential and force 0.101 0.101 0.051 0.026 0.013 0.007
QM–MM potential and force 0.486 0.486 0.237 0.118 0.064 0.041

Communication 0.003 0.003 0.005 0.010 0.019 0.023
Others 0.029 0.024 0.013 0.008 0.005 0.003
Total time 1.915 0.626 0.319 0.175 0.114 0.088
Parallel efficiency† 98.2% 89.5% 68.6% 44.6%

QM/MM-EE
Total time 1.921

† Ratio of total time in single and multiple processors divided by the number of multiple processors.
‡ The original ab initio program code “FVOPT” was linked to the MD program.
{ Pentium IV (3.0 GHz) linux PC machine with Gigabit Ethernet is used.
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Figure 8. The dipole moments in the weighted sampling (dotted line)
and its accumulative average (solid line). The dashed line is the simple
average without weighting (the second method, see text).
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employs the ab initio QM/MM-EE approach and

theoretical results based on ab initio calculations (2.6–

2.7 Debye) [43–45], while it is somewhat smaller than the

values of recent ab initio Car–Parrinello MD simulation

[37,46] and experiment [47] (2.9–3.2 Debye). It is

worthwhile to note that kml0 (the second method in the

previous paragraph, the simple average of figure 8) is found

2.48 Debye, which is smaller than kml. This means that the

simple average underestimates the polarization effect. The

results for the dipole moment is summarized in table 4.

The statistical average of QM–MM interaction energy,

kVQM–MMl, is approximately equal to the heat of solution

(with the negative sign), which is defined by the energy

change when the QM solute is embedded into the MM

solvent. In a pure liquid, U ¼ 2kVQM–MMl=2 is approxi-

mately the heat of evaporation. In figure 9, we show the

statistical convergence of U as a function of MD steps,

obtained from the QM/MM simulation run #2. We can see

that the value is converged to 12.1 kcal/mol after about

Nstep ¼ 2,500,000 steps (NQM
step ¼ 25,000 steps). We may

further correct this value by taking account of electronic

polarization because hydrogen bonding between the

QM–MM molecules will be a little stronger by the

induction force and thus the heat of evaporation will

become a little larger. This shift can be evaluated by the

weighted sampling method using equation (19), where A

is the difference of two potential energies calculated

by QM/MM-EE with QM ¼ MP2/Sadlej-pVTZ and

QM/MM-PE with QM ¼ HF/6-31G(d,p). The result of

this correction was þ1.2 kcal/mol. Meanwhile, the heat of

evaporation also shifts by quantum nuclear effect. From the

previous results for classical MD and quantum path

integral MD simulations [48,49], we estimate that the

quantum correction is about 21.5 kcal/mol for liquid

water. Thus, the overall evaporation energy is estimated to

be 11.8 kcal/mol, which is 20% higher than experiment,

9.9 kcal/mol [50]. This data is summarized in table 5.

4. Conclusion

In this report, we have developed a new type of treatment

for ES interactions in combined QM/MM systems,

“QM/MM-PE”, which suits to a MTS MD simulation.

This method would be especially useful to investigate

thermodynamic properties of liquid phase such as radial

distribution and heat of solution. For properties in which

the electronic polarization effect is important, such as

molecular dipole moment, we recommend the correction

by weighted sampling method after the MD simulation.

The method is computationally very efficient especially

on parallel computers. Running our program code on the

state-of-the-art 16-CPU PC cluster, it took only 0.088 s per

MD step in the simulation of liquid water containing one

QM molecule (HF/6-31G(d,p)) and 255 MM molecules

(SPC/F2). This is about 22 times as fast as the conventional

QM/MM simulation within a single CPU machine.

The method shall be promising also in calculating other

thermodynamic properties, such as electronic spectra of

a molecule dissolved in liquids. The method might also

be efficient in the free energy calculation of chemical

processes, since such a calculation has often been

computational demanding in conventional ab initio

QM/MM approach. Based on the preliminary tests shown

in this report, application studies are now in progress at our

laboratory.
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